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Navier-Stokes Solutions for Chemical Laser Flows

Ajay P. Kothari,* John D. Anderson Jr.,t and Everett JonesJ
University of Maryland, College Park, Md.

A third generation of supersonic diffusion chemical laser analysis is introduced, namely, the complete solution
of the Navier-Stokes equations for the supersonic mixing flowfield, fully coupled with chemical kinetics for both
the hot and cold reactions for HF. Results are obtained for laminar-flow conditions and show that such Navier-
Stokes solutions are feasible for studying specific cases of interest. A comparison is made between cold flows
(chemical kinetics switched off) and hot flows (with fully coupled chemical kinetics). The results show that tem-
perature distributions are affected the most and velocity distributions the least by chemical energy heat release.
The results have impact on the interpretation of cold-flow aerodynamic experiments in the laboratory, and their
proper extrapolation to the real chemical-laser flows. Also, comparisons between the present Navier-Stokes
results and other, more approximate, existing calculations, are made. Advantages of the Navier-Stokes solutions
are delineated.

Nomenclature
c — speed of light
Cj = mass fraction of species /
Cp — specific heat for constant pressure
Cv = specific heat for constant volume
33// = binary diffusion coefficient (3D// = 3D7/)
Dim = multicomponent diffusion coefficient for

species /
E = total internal energy of the mixture
e = internal energy of the mixture
ek = internal energy of the species k
pvj = vibrational-rotational interaction parameter ~ /
H = total enthalpy of the mixture
h = width of the nozzle
hk = enthalpy of species k
Ti = Planck's constant
J — rotational quantum number
k = thermal conductivity of the mixture; Boltzmann

constant in Eqs. (11), (21)-(23)
M — molecular weight
NA =Avogadro's number
p = pressure
R = specific gas constant
(R — universal gas constant
\RV

V
 + 1\2 =vibrational contribution to the electric dipole

moment
T = temperature
t_ = independent time coordinate
0,F, G,K = column matrices based on flow properties
u =x component of the velocity vector
Ur = reference velocity
v =y component of the velocity vector
x,y = independent spatial coordinates
[ /] concentration of species /
aViJ = small signal gain coefficient
e = characteristic energy of interaction between a

pair of molecules
77 = mixture viscosity
vkx =x component of diffusion velocity for species k
vky —y component of diffusion velocity for species k
o = collision diameter of molecules, A
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p = density of the mixture
pk = density of species k
uk — species production term due to chemical reac-

tions

I. Introduction

T HE past decade has initiated the age of high-energy
lasers, first starting in 1966 with the gasdynamic laser,

and closely followed by breakthroughs in large chemical and
electric discharge lasers. The gasdynamic laser, which
generates its laser medium by means of a vibrational
nonequilibrium nozzle expansion, is the subject of a recent
book.! The electric-discharge laser, which generates its laser
gas via electron-atom and/or molecule collisions in a glow
discharge, has been reviewed by Reilly.2 The supersonic dif-
fusion chemical laser, which obtains a laser medium from the
products of chemical reaction, is nicely described in a recent
review by Warren.3 All of the above lasers involve the high-
speed flow of large amounts of gas; hence, they all involve the
realms of aerodynamics and gasdynamics. For example, the
HF or DF supersonic diffusion chemical laser involves the
supersonic mixing of two dissimilar streams, as shown
in Fig. 1.

Concurrently, the discipline of computational fluid
dynamics has become a third-dimension in aerodynamics,
complementing both laboratory experiment and pure
analysis.4"6 Work is advancing on both numerical methods
and applications to practical engineering problems. The
present paper is in the latter vein. Specifically, it deals with the
direct application of computational fluid dynamics to the
solution of chemical laser flows.

The present paper represents a new, third generation of
supersonic diffusion chemical laser analyses. First-generation
studies are exemplified by the RESALE computer program7

(which assumes one-dimensional premixed flow) and the ap-
proximate flame-sheet model of Hofland and Mirels.8'9
Second-generation studies involve more detailed fluid-
dynamic calculations, such as the boundary-layer solutions of
King and Mirels 10 and of Tripodi et al. ' ' Unfortunately, none
of these solutions are able to model and solve the complicated
chemically reacting, recirculating, and separated flow regions
at the base of chemical-laser nozzles — an important aspect
that affects chemical-laser performance, as emphasized by
Grohs.12 Therefore, the present investigation is the beginning
of a third generation of studies, which incorporates the
solution of the complete Navier-Stokes equationsI3 for
chemical-laser flows. The advantage of invoking the Navier-
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Stokes equations is that such complicated separated
flowfields, as well as any lateral or longitudinal pressure
gradients induced by the chemical heat release, are modeled
exactly. The disadvantage is that numerical solutions of the
Navier-Stokes equations take long computer times, and hence
are costly when many parametric studies of chemical-laser
performance are required.

The purpose of the present paper is to assess the viability of
Navier-Stokes solutions for chemical laser flows, and to un-
derscore the advantages as well as the present-day restrictions
of such numerical solutions. The present work is a natural ex-
tension of the authors' initial results first presented in Ref. 14,
which dealt with the purely fluid-dynamic aspects of the
Navier-Stokes solutions for "cold flows," i.e., flows where
the chemical kinetics were artificially switched off. The main
thrust of Ref. 14 was to experiment with several alternate
finite-difference techniques, and to choose the method most
suited to the mixing problem illustrated in Fig. 1. In contrast,
in the present paper the full chemical-laser kinetics, including
both the cold and hot reactions for HF, are coupled with the
Navier-Stokes equations, and numerical results are obtained
for the detailed variations of velocity, pressure, temperature,
chemical species concentrations, HF vibrational populations,
and laser gain throughout the region shown in Fig. 1 .

Moreover, a second purpose of the present paper is to com-
pare results obtained before and after the kinetics are
switched on, i.e., to compare cold and hot flows. This
numerical experiment graphically demonstrates the effects of
chemical reaction on the laser fluid dynamics. Such con-
siderations are important when extrapolating nonreacting
supersonic mixing results obtained in the laboratory to the
case of real chemical lasers.

Finally, during the review of this paper, it was brought to
the authors' attention that Navier-Stokes solutions are also
being carried out by Butler et al. at the Los Alamos Scientific
laboratory. 15~17 Using the hydrodynamic code RICE, 17

various calculations involving principally DF chemical lasers
with base relief nozzles have been made. This work, to date,
has been generally unpublished. Because the present work
deals with HF chemical lasers with purely tangential mixing,
direct comparison with the Los Alamos work cannot be made. .
Instead, the present results are compared with the finite-
difference boundary-layer solutions of the LAMP code 18 and
of King and Mirels. 19 However, the Los Alamos calculations
and the present work both demonstrate the feasibility of
Navier-Stokes solutions for chemical lasers -an important
conclusion to help guide future analyses.

II. Physical Problem
Consider the parallel supersonic mixing of a stream of par-

tially dissociated flourine with a stream of diatomic
hydrogen, both diluted to some extent with He, as shown in
Fig. 1. In the mixing region downstream of the nozzle exits,
the following hypergolic chemical reactions take place.

Cold reaction: F + H2-HF*(i;) +H

Hotreaction: F2 + H- + F

(1)

(2)

which result in the direct formation of vibrationally excited
HF as a reaction product. Over certain regions of the flow, a
total population inversion may exist, i.e. N H P ( V + I ) >NW(U),
where NHF(U) is the population of the uth vibrational level in
HF. It is a population inversion that makes a chemical laser
work (see Refs. 1 and 20 for background on laser properties).
In a chemical laser, this inversion may be total, as previously
described, or partial, where the inversion is carried by the
rotational distributions. l

In the present investigation, the chemically reacting
flowfield in Fig. 1 is solved by means of the complete two-
dimensional Navier-Stokes equations. The mixing is assumed

to be completely laminar. Multicomponent diffusion is
treated in an exact fashion. Both the hot and cold HF reac-
tions are included, and vibrational populations up to the
v = 8 level in HF are calculated.

The parallel mixing of Fig. 1 was chosen for solution
because a) it constitutes a reasonably straightforward test of
the present Navier-Stokes solutions; b) other results exist for
this model and hence can be used for comparison; and c) it is a
relatively uncomplicated model to compare results for hot and
cold flows. However, emphasis is made that the true value of
the present Navier-Stokes solutions will be obtained for
problems involving recirculation and flow separation; such
problems will be the subject of future work.

HI. Analysis
A. Equations

Each of the nine HF vibrational levels is treated as a
separate species interlinked by chemical and vibrational
relaxation reactions. In addition to these nine HF vibrational-
level species, the reactants H, H2, F, F2, and an inert gas
(diluent) He, make a total of 14 different species leading to 14
species continuity equations. These equations, in addition to
the Navier-Stokes equations viz. a) global continuity
equation, b) x momentum equation, c)y momentum equation
and c) energy equation yield a total of 18 equations. Non-
dimensionalized, and in conservation form, they are

d
—
dt

a
— [
dx

a
~
dy (3)

— JL f / du dv
~dt PV dxtP M \ dy dx/""') ' dy

2 / du dv dv

u ~ 2 / du dv du

dT

u [ / dv du \1
-\ "/if ————— + —————— )er I \ dx dy / J

v [ 2 ( du dv \ dv
(6)

^_
~dt

where

•^".
:=/,2,. . .14

Rer = ——— = Reynolds number
Mr
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STREAM I /
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PK Kg/m3

PF Kg/m3

/0H Kg/m3

PH. Kg/™
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I2862XIO"3

——

3.2328X10*

. —

—

9.6288XI04

STREAM 2

50O

150

2.45I4XIO"3

7.3I28XI04

——

2.4376XI04

——

I.4764XI03

INITIAL CONDITIONS
PK=0 for k=6,7,~-14

Fig. 1 Geometric model and given cavity inlet conditions.

and

where

PrrRer(Mr)2(yr-l)

_ /V_^r = prandtl
kr

r • = Mach number

c*~* vr

The previous equations are nondimensionalized as follows

h/Ur
=~ y = y'

h

Ur ^

P* = P^_
Pr Pr

r
' PrUr

2 Tr

k — k'lkr /z = /x ' /Mr hk = hk/U2

h = h'/Ur
2 H=H'/Ur

2 E=E'/Ur
2

where h is the characteristic width of the nozzle combination
as shown in Fig. 1, subscript r refers to a characteristic
reference value, and the primes refer to dimensional values.

Equation (3)-(7) can also be written as

dU dF dG =

dt dx dy ~ (8)

where U, F, and G are vectors with 18 components each,
containing the terms in the curly brackets in Eqs. (3)-(7). Vec-
tor K contains the right-hand sides of Eqs. (3)-(7).

The remaining unknowns in Eqs. (3)-(7) are assumed to be
related to/?, T, and pk in the following manner.

Species Internal Energy ek

ek= (eiran)k+ (Crot)k+ (ev\b)k+ (eform)k

hk = ek+RkT where A: =7,2,. . .14

where (eform)k is the heat of formation of species k.

(9)

(10)

Calculation of Transport Properties
The transport properties viz. viscosity, thermal con-

ductivity, and diffusion coefficients are first calculated for the
individual species at given pressure and temperature and then
obtained for the complete mixture for given concentrations.

Mixture viscosity. Viscosity for each species can be given by21

(11)

(12)

where T* = e/kT.
The viscosity of the mixture JLI, is then obtained using the

Wilke estimation method for gases at low pressure.22

(13)

where

Here fi ( 2 > 2 )* is a function of e/ATand is related as

= 0.697(1 + 0.323\nT*)

Thermal conductivity. The thermal conductivity of an in-
dividual species is related to the viscosity of the species in the
following manner:
Monoatomic species 21

(14)

(15)

Diatomic species21

\ = \' (1 + 0.881 (2/5) (CP/R) -1} }

Thermal conductivity for a mixture of gases at low pressure
is given by 22

(16)

where ,

for H2, F2, and HF (diatomic species)
and \* = \i for H, F, and He (monoatoniic species),
also V* = X/ - V ̂  H2, F2, and HF,

. X / * * = 0forH,F,andHe,
Mu=(Mi+Mj/2).
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Diffusion coefficients. Treating each vibrational level of HF
as a separate species, the binary diffusion coefficients are first
obtained for all 14 species; these binary diffusion coefficients
are independent of their concentrations. 22

j ) /Af ,-A/,- ] '/2 /po(j
 2VD (17)ij = 0. 001858T3/2 [

where/? is the pressure in atmosphere, Tis temperature in °K

2 £> is the thermal collision integral

where

QD=f(kT/e12)

e!2/k=[(eI/k)X(e2/k)]*

variation of QD with kT/el2 is available in a tabular form.
The 196 (14 x 14) binary diffusion coefficients were used to

yield multicomponent diffusion coefficients22 Dim.

Dim =

J=l
j*i

(18)

Species diffusion velocities (or diffusion mass flux) is
related to concentration gradient by Pick's law.

(19)

Chemical Production Term a,
The species production term was calculated explicitly.

Treating each vibrational level of HF as a separate species,
100 elementary reactions were obtained from the reactions
given in Table VIII Ref. 23. These reactions involve chemical
pumping, dissociation, and V— V and V— T vibrational
transfers. The vibrational levels of H2 were not treated
separately, unlike Ref. 23.

The equilibrium constants as a function of temperature
were obtained from the J ANAF Tables 24 for the dissociation
reactions. For the chemical pumping and V- V and V- T
transfers, they were assumed to be of the form

where the reaction is HF(0) ^HF(f) , and EV-E0 is the
energy of the f th level above the ground state. The backward
rate constants, kb were then obtained from kb = Keq/kf,
where kj is the forward rate constant obtained from Ref. 23.

Therefore, the finite-rate chemically reacting model con-
sists of 100 elementary reactions involving 14 species. Hence,
14-species rate equations are written, one of which is given
below for an example.

l** , [F] [H 2 ] -3Ar_ , t o [HF(7) ] [H]

(*-*,[HF<0)]-Ar f a /[HF(7)WM7]

(*««[HF(2)]-*_ fc2[HF(/)]}[M7]

{*-»/[HF<0)]-*6W(HF(/)WM ( !]-

{*«M[HF(2)]-*_ ( 5 M[HF(7j]l[Mg

{*«c2[HF(2)]-*_ f c2[HF<7)])[M9]

{ k 6 d 2 ( H F ( 2 ) ] - k _ 6 d 2 ( H F ( l ) ] } ( M w ]

{ k 6 f 2 l H F ( 2 ) ] - k . 6 / 2 [ H F ( l ) ] } [ M 5 ]

{k_6gl(HF(0)]-k6g/(HF(J)]}(M4]

+ 2 i k _ 7 a l ( H F ( 0 ) ] [ H F ( 2 ) ] - k 7 a [ H F ( l ) ] 2 }

(*_ 7 6 [HF(JJJ[HF(0)]-*W [HF<;)][HF(2)]}

{Ar_ 7 r f / [HF(0)][HF(5)]-* 7 r f [HF(/)][HF(¥)]J

B. Gain Calculations
For the low-pressure levels that exist in the mixing region,

Doppler line broadening is assumed. Rotational equilibrium is
assumed to exist, and only the P-branch laser transitions are
considered. Then the optical small signal gain coefficient at
line center has the value of 19

where

A=~

Q ( v )

Q ( v ) = j=o

3(2kMHF/ric)'/*Q(

\E(v + 7,7-7) Ticexp-L——kr——

fraction

- [E(v,J)?ic/kT]

(20)

(21)

(23)

ss rotational partition function
E(v,J) = 20.95J(J+1) -0.796J(J+1) (v + l/2)cm~1 (24)

= vibrational-rotational energy

The average integrated gain in the y direction can be ob-
tained as

*vAy (25)
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C. Boundary Conditions
A comment is made on the boundary conditions at y = 0 and

y = h. Symmetry conditions hold at these boundaries, as can
be seen from Fig. 1, which models a segment of the multinoz-
zle flow characteristic of many chemical lasers, i.e.

du _ dp _ dT _dpj _ _
dy ~ dy ~ dy ~ dy ~ ~

at y = 0 and h. In the present finite-difference scheme, the
reflection principle is used; this is an accurate representation
of boundary conditions on a line of symmetry, i.e.

Pj+,=pj-, TJ+l = Tj_, Vj+l=-Vj., etc.

where./ is an index in y direction and./ lies on the boundary it-
self.

1.4-

1.3-

1.2-
CHEMICAL KINETIC SWITCHED ON
AT THIS TIME

"——--_ QQLD__FLOW
STEADYSTATE

NONDIMENSIONAL TIME

10 20 30 40 50

Fig. 2 Transient variation of static temperature at x/h = 1.0 and
y/h = 0.375.

IV. Numerical Solution
A time dependent technique patterned after the Mac-

Cormack25 approach was employed to generate the steady-
state solution.

Equation (8) can be written in the following form,

dt
= __ap so .
~ dx dy

(26)

If the distribution of flowfield variables is specified at any
instant of time (say n), the spatial gradients dF/dx and dG/dy
can be calculated at every grid point by finite differences, and
the vector K can be explicitly computed from the known tem-
perature, rate constants, and concentrations. In turn, the time
derivative dU/dt can be computed from Eq. (26). This allows
the computation (in principle) of new values at time (n +1) by

1.0 -

i 0.75 -

y/h

0.50-

0.25-

——— HOT. FLOW
——— COLD FLOW

x/h=0

0 O.I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
NONDIMENSIONAL VELOCITY (u/Ur) ————

Fig. 3 Steady-state velocity profiles at various jc-wise locations.

3t
(27)

The components of the new vector Un + I then specify all the
properties at a grid point one _step ahead in time. Steady state
is essentially attained when dVId/approaches zero. However,
Eq. (27) is of first-order accuracy only. In contrast, Mac-
Cormack uses a predictor-corrector method of second-order
accuracy. It involves the generation of intermediate predicted
values at time (n +1) via Eq. (28). Then these predicted values
are used again in the conservation equation in a "corrector"
fashion to obtain values at time (n+2). Averaging of these
two steps leads to a higher accuracy at time (n +1) as shown in
Eq. (30). This process as applied to mixing flows is described
in more detail in Ref. 26.

_

dx dy

+ - dx -IT-dy

and

yn+2 _

(28)

(29)

(30)

Here n refers to the time step and the tilde refers to in-
termediate values.

The vectors F and G contain spatial gradients of tem-
perature and velocities directly and of species densities in-

i.o

0.75

0.50

0.25 -

x/h=IO.O

——— HOT FIDW
——— COLD FLOW

x/h= 5.0

0.045 0.050 0.055
NON DIMENSIONAL PRESSURE (P/Pr) -

Fig. 4 Steady-state pressure profiles at various *-wise locations.

directly through the diffusion velocities. In turn, spatial
gradients of vectors F and G themselves need to be taken
to solve Eqs. (28) and (29). Thus, effectively, spatial gradients
of the thermodynamic quantities need to be taken to a largest
order of two. This offers various combinations of forward,
backward, and central differencing schemes to compute the
spatial derivatives, a detailed discussion of which appears in
Ref. 14. In the present paper, the following differencing
scheme was used; it is shown in Ref. 14 to be the most ap-
propriate scheme for the mixing flows of present interest.

Forward differencing is used on the F and G vectors to
obtain the intermediate properties (predictor step), e.g.
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dF
(2J,k) =

F(3J,k) -F(2J,/c)
Ax (31)

Backward differencing is used for the corrector step, e.g.

dG ,..,,„ G(i,2,k)-G(i,l,k)
dy (32)

However, a reverse combination, viz. backward dif-
ferencing for predictor step and forward differencing for the
corrector step, is used for the gradients of Tt u, v, p, and pk.
This is termed the ''Modified MacCormack" approach in
Ref. 14.

The time step used to advance the solution in time is the
minimum of the time steps due to the CFL criteria27 and the
characteristic relaxation time. Here, the CFL criteria are
given by the minimum of

and At

whereas the chemical relaxation time is given as2

T=-/ / -

A 9x9 grid size (81 mesh points) is used. The com-
putational time is approximately 40 on a UNIVAC 1108 to
obtain a steady-state solution for the hot flow and ap-
proximately 30 min for the cold flow.

As an additional comment, in the present results, the cell
Reynolds numbers (based on v and Ay) are less than
3 - within in safe limits for accuracy and stability as discussed
by Roache.4

V. Results and Discussion
Solutions are obtained for the flow depicted in Fig. 1. At

time t = 0, the initial conditions are rather arbitrarily chosen
as constant properties in each of streams 1 and 2 (same as the
upstream boundary conditions at the nozzle exits, held fixed
with time).

Consider the point defined by x/h-10.0 and y/h = 0.375.
The time history of the static temperature at this point is given
in Fig. 2. Cold-flow calculations (the fluid dynamics without
the chemical reactions) are made through a nondimensional
time of 24 to allow the two streams to partially mix. After this
time, hot-flow calculations (the fluid dynamics fully coupled
with the chemical kinetics) are made. Note from Fig. 2 that
the switch to hot flow causes a discontinuous increase in
dT/dt, and a subsequent approach to a higher steady-state
temperature. For comparison, the purely cold-flow case is
carried out to a steady state, as also shown in Fig. 2. Note that
the combined effect of chemical reactions and vibrational
relaxation lead to a 35% increase in static temperature in com-
parison to the purely artificial cold-flow case.

Steady-state profiles of velocity, pressure, and temperature
with respect to y/h are given in Figs. 3, 4, and 5, respectively.
In each figure, results for the longitudinal stations x/h = 0, 5
and 10 are given. Also in each figure, the solid and dashed
lines correspond to hot and cold flow, respectively. Note from
Fig. 3 that, in contrast to temperature, the velocity profiles
downstream of the nozzle exits show little influence due to
chemical reactions - a result that is almost classical in most
high-temperature gasdynamic problems. Also note that the
slower-moving stream of H2 is accelerated more than the
faster-moving stream of F and F2 is retarded, due to the
mixing process. The pressure variations, which are plotted on
an expanded scale in Fig. 4, show virtually a constant pressure
in the y direction, except for a small variation in the middle of
the mixing zone. For hot flow, there is an adverse pressure
gradient in the flow direction; in contrast, the net effect of the
purely fluid dynamic mixing appears to be a slight favorable

x/h=IO.O

0.94 1.0 1.1 12
NONDIMENSIONAL TEMPERATURE (T/T r ) -

Fig. 5 Steady-state temperature profiles at various jc-wise locations.

0.75 -

y/h
0.50

0.25

HF(0)
HF(I)

-HF(2)

0 02 0.4 0.6 0.8 1.0 12 (X10 )
NONDIMENSIONAL DENSITY ( p - { / p r ]

Fig. 6 Steady-state density profiles for H¥(v); x/h = 5.0.

1.0

1 0.75

y/h
0.50

0.25

"0 0.2 0.4 0.6 0.8 1.0 1.2 (XIQ2)
NON-DIMENSIONAL DENSITY (p\/pr )

Fig. 7 Steady-state density profiles for H¥(v); x/h = 10.0.

pressure gradient, at least for the first 10 nozzle heights down-
stream. The corresponding temperature profiles are shown in
Fig. 5. Comparing the cold-flow profiles, it is apparent that
the viscous shear action causes a larger local temperature rise
in the mixing region at x/h = 5.0 than at x/h = 10 because y
gradients of velocity are larger near the nozzle exits. However,
in going from x/h = 5.0 to x/h = 10.0, the mean temperature
rise is more over the whole cross section whereas the peak
temperature drops from T/Tr = l.ll8 to T/Tr = 1.0105. The
temperature of the faster streams seems to drop because the
interface streamline would bend toward the slower stream.
The average pressure also slightly reduces as the flow moves
downstream, as noted in Fig. 4. In contrast, the hot flow
profiles clearly show an almost discontinuous increase in the
temperature, a fact already noted from Fig. 2.

Figures 6 and 7 illustrate density profiles of various HF
vibratjonal levels at x/h = 5 and 10, respectively. The growth
of the reaction zone can be seen clearly. Total population in-
versions exist between vibrational levels of 0-1 and 1-2.
Although individual densities of each vibrational level in-
creases as the flow moves downstream, the small signal gain
does not necessarily increase since the absolute difference
between the densities of HF (0), HF (7), and HF (2) does not
always increase.



98 KOTHARI, ANDERSON JR., AND JONES AIAA JOURNAL

I02

~ 10
E

10°

10'

p (TORR) NOZZLE
o I TO 2
» 2 TO 4 RF-I
— 4T06
A 2T03
A I2TOI4 RF-2
0 PRSENT RESULTS
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10' 10° I0210
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Fig. 8 Growth of the reaction zone; comparison of present
calculations with experiment (see Ref. 12).

10.0

Fig. 9 Variation of H¥(v) in the flow direction; y/h = 0.375.

Fig. 10 Variation of small-signal gain with flow direction; 1-0 tran-
sition, y/h = 0.3 75.

The calculated growth of the reaction zone, as defined by
the region where pHF{0) is greater than 10% of the maximum
value, is shown in Fig. 8. This figure is taken from Ref. 12,
and contains experimental data taken at TRW. The present
results are clearly marked on Fig. 8 and show the same
laminar variation as the experimental data.

The existence of population inversions and hence laser ac-
tion is best seen in Fig. 9, where densities of various HF
vibrational levels at y/h = 0.375 are plotted with respect to x.
Inversions exist between the 0-1 levels and 1-2 levels, which
yields the small-signal gain avj as calculated by Eq. (20).
These gains are shown in Figs. 10 and 11. Figure 10 shows the
variation of the small signal gain with respect to x at
y/h = 0.375 for the vibrational level transition 1-0 for various
rotational levels (only P-branch transitions are assumed).
Figure 11 shows similar results for the 2-1 transition. The
values of gain and the spatial extent of the lasing region as in-

Fig. 11 Variation of small-signal gain with flow direction; 2-1 tran-
sition, y/h = 0.3 75.

' 1.00

30.95

0.90
50 100 150

NUMBER OF GRID POINTS —

Fig. 12 Temperature vs grid size; a test of convergence properties.

0.5

0.4

0.3

•0.2

0

!\MP

PRESENT
RESULTS

KING a MIRELS

1.0 2.0 2.5
x-CM ———

Fig. 13 Pressure vs longitudinal distance; comparison between
present results and methods of Refs. 18 and 19. Strongly reacting case.

dicated on Fig. 10 and 11 are typical of conventional HF
chemical lasers, as obtained from Refs. 18 and 19.

A few words about stability and convergence are in order.
The present time-dependent calculations smoothly and
regularly approach a steady-state solution as long as the
requisite stability criteria are followed; i.e., the solutions are
stable as long as the time increment is less than the CFL and
chemical relaxation times. With regard to convergence, the
question can be asked: Is enough accuracy obtained with the
present 9x9 grid, which at first glance appears rather coarse?
An answer is given in Fig. 12. Here, the final steady-state tem-
perature atx/h = 5 andy/h = 0.75 is given for three different
grid sizes: 5x5 , 9x9, and 13 x 13. It appears that a 9x9 grid
is sufficiently accurate, and that a further definition by more
grid'points is unnecessary. This is totally consistent with time-
dependent solutions of other problems1'29"31 where sufficient
accuracy has been obtained with seemingly very coarse grids.
Apparently, the time-dependent mechanism is "self-
correcting" at each time step, allowing the physics contained
in the conservation equations to bear more strongly and ac-
curately at each grid point. This philosophical point not
withstanding, experience has clearly proven that time-
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Fig. 14 Temperature vs longitudinal distance; comparison between
present results and methods of Refs. 18 and 19. Strongly reacting case.
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Fig. 15 H¥(0) density vs longitudinal distance; comparison between
present results and methods of Refs. 18 and 19. Strongly reacting case.

dependent solutions require fewer grid points than might be
expected for steady-state analyses. The present results are a
case in point. As long as the cell Reynolds number in the y
direction is on the order of unity, the gradients are adequately
accounted for, as in the present calculations.

The present Navier-Stokes calculations are compared with
the results of King and Mirels 19 and LAMP18 in Figs. 13-15.
Both Refs. 18 and 19 are boundary-layer solutions. King and
Mirels19 assume two semi-infinite streams; hence, the
pressure is assumed constant in both the x and y directions.
The LAMP program calculates a pressure gradient in the x
direction by means of a quasi-one-dimensional heat-addition
approximation, but assumes constant pressure in the y direc-
tion. The present Navier-Stokes calculations allow pressure
gradients in any direction. The authors express their extreme
appreciation to Dr. Walter Glowacki of the Naval Surface
Weapons Center (White Oak, Md.) for his running of the
LAMP code for comparison with the present work.

The case shown in Figs. 13-15 js a strongly reacting mix-
ture, with conditions at the nozzle exit of (see Fig. 1 for the
nomenclature) p = 5 Torr, ry = 110°K, r2 = 400°K, ul = 1400
m/sec, u2 = 2140 m/sec. In stream 1, pH2 = 1.47x 10 ~ 3

kg/m3. In stream 2, pF=\Ax\Q~3 kg/m3 and pHe
= 5.7 x 10 ~ 4 kg/m3. This mixture is so strongly reacting that
a large adverse pressure gradient is produced in the flow direc-
tion; note from Fig. 13 that both the present calculations and
LAMP predict approximately a factor of five pressure in-
crease in a distance on the order of a centimeter. In fact, the
changes are so severe that the LAMP calculation experienced
some spurious wiggles, and then blew up beyond 0.8 cm.
(However, this in no way reflects on the viability of LAMP,
because no subsequent efforts were made to adjust grid size,
etc., to attempt to overcome this behavior.) Nevertheless, the
comparison between LAMP and the present calculations is
reasonable; in contrast, the constant pressure assumption of
King and Mirels19 is not valid for this case. Similar com-
parisons for Tand HF variations are given in Figs. 14 and 15,
respectively.

Return to the conditions given in Fig. 1. Here, the densities
of F2, F, and H2 are relatively small-a dilute case. The
results of Figs. 2-11 apply to this case. In turn, these results
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Fig. 16 HF(0) and temperature profiles; comparison between present
results and methods of Ref. 18. Dilute case.

are compared with a calculation from LAMP in Fig. 16. The
profiles of HF(0) and T are shown as a function of y at
x/h = 10. Note that the LAMP results predict peak tem-
peratures and HF densities that are about 20 and 70% higher,
respectively, than the present calculations. This is considered
to be reasonable agreement in light of the different kinetic
rates and transport properties in the two programs. The
present results calculate detailed and variable transport
properties at each point in the flow; lamp assumes constant
Prandtl and Lewis numbers. Also, keep in mind that the
pressure gradients in the two-dimensional flow appear quite
naturally and exactly in the present Navier-Stokes for-
mulation, whereas LAMP has an approximate calculation of
pressure gradient and only in the x direction.

A word about computer time is also in order. For the
present Navier-Stokes results, computer times of 30 and 90
min on a UNIVAC 1108 for the dilute and strongly reacting
cases, respectively, were required. The cost averaged $350 per
run. This is about three times more expensive than LAMP for
the same cases. However, keep in mind that the present time-
dependent calculations start with initial conditions that are
constant but different properties in streams 1 and 2, i.e., no
mixing of the two streams. If more realistic initial conditions
are fed in, the computer time can be drastically reduced. In
particular, if several different parametric runs are stacked
together, and the initial conditions for one are taken as the
solution from another, the running times should be com-
parable to or better than LAMP. This behavior is already ob-
served in time-dependent calculations of gasdynamic laser
performance,32 where by stacking several runs, the running
times of the second and remaining runs are one-fifth that of
the first run. In this fashion, Navier-Stokes calculations can
be made cost-effective; therefore, they are not inordinately
long as may first be expected.

V. Conclusions
The present paper introduces a new "third generation" of

chemical-laser analysis, i.e., Navier-Stokes solutions for the
flowfield coupled with the detailed chemical kinetics for both
the hot and cold reactions of HF. In particular, the present
results show the following:

1) Navier-Stokes solutions for supersonic diffusion
chemical lasers are indeed feasible; however, computer times
equivalent to about 30 min or longer on a UNIVAC 1108 are
required for a single case. By stacking cases back-to-back such
that the initial conditions for one are obtained from the
solution or* another, the net time per case can be substantially
reduced.

2) The major potential for such Navier-Stokes solutions
will be in the analysis of recirculadon and separated flow ef-
fects on laser performance.

3) In a comparison between hot and cold flows, the
chemical reactions markedly affect the temperature
distributions, but have little effect on the velocity
distributions. The pressure increases in the flow direction due
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to chemical reactions, an effect to be expected from simple
analogy with constant area heat addition in supersonic flows.
In contrast, for cold flows, the longitudinal pressure variation
is reasonably constant and may even decrease slightly.

4) The growth of the laminar reaction zone predicted in the
present paper compares favorably with experiment.

5) Navier-Stokes calculations have the distinct advantage
that the two-dimensional pressure gradients appear quite
naturally and exactly. In strongly reacting cases, the proper
accounting of these pressure gradients are absolutely
necessary; the constant pressure boundary-layer assumption is
not adequate.

6) Considering the differences between the physical proper-
ties and fluid dynamic modeling of the present Navier-Stokes
analysis and LAMP, fairly reasonable agreement is obtained
between the two. However, the constant pressure results of
King and Mirels differ considerably, and are obviously not
valid for cases where strong pressure gradients occur in the
real problem.
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